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Let these states (M, M · ATP, M · ADP · Pi, M · ADP) be denoted simply as i (1, 2, 3, 4) . In parallel with these state changes, the motor will move along its track: let its position be x. The corresponding physical model, a Brownian motor (BM), can be described by the following diffusion-reaction equation [5, 6] :
where p i (t, x) is the probability density of the motor with state i in position x at time t, q ij is the transition rate (a) E-mail: xuejuanzhang@gmail.com.
from state i to j,a n dJ i (t, x) is the probability flux in the spatial direction for the i-th state. Here we express J as
where F is a load, V i (x) are potentials satisfying V i (x + L)=V i (x) with period L,a n dD 2 =2k B T gives the diffusion coefficient with k B being the Boltzmann constant and T the temperature.
An important issue in studying BM is about its efficiency. Thermodynamic efficiency defines how well a motor converts chemical free energy into useful work [5, 6, 8] η therm
where ẋ is the mean velocity of the motor, F is the external load, and P in is the total input power. An alternative measure, Stokes efficiency, has been devised for purely viscous loads such as a motor encounters in normal transport. Stokes efficiency is defined as [9, 10] η Stokes
where the term ẋ 2 reflects the power working against the viscous drag. In both cases, input power must be formulated to ensure that the defined efficiencies are bounded by 1. In the case of thermodynamic efficiency, the input power is usually expressed as P in = r · ∆µ,w h e r e ∆µ is chemical free energy consumed in one reaction cycle and r is the chemical reaction rate measuring the average number of ATP molecules consumed per unit time [8] . For Stokes efficiency, authors differ as to the quantity P in . Wang and Oster [11] propose that η Stokes ∆ = ẋ 2 r · ∆µ + F ẋ , contrasting this with thermodynamic efficiency. We note, however, that r · ∆µ + F ẋ is not the difference of free energy since F is not a conservative force, while η Stokes 1i so n l yd e m o nstrated for a detailed balance condition of the transition rate q ij . Derenyi et al. [9] present a general definition of Stokes efficiency, but they only show η Stokes 1 for the case where input power comes purely from the transition of states; while Suzuki and Munakata [10] only consider the case of potential energy. In this article we do not intend to give a new definition of the efficiency of motor, but will present a new and unified approach to the calculation of input power P in using the entropy production rate (EPR), an important concept in nonequilibrium steady-state theory. EPR is the rate of total energy dissipation of a physical system [12] [13] [14] [15] . We develop an expression for the total input power (the rate of free energy dissipation) as
An explicit mathematical formula of EPR e r is derived for the general diffusion-reaction equation (1) . Compared with previous work, our expression is both more general and more physically explicit: i) Restricted by particular forms of the energy converter, expressions of input power derived in [8] [9] [10] can be considered as special cases of the formula (5) . ii) In contrast to the treatments in [8] [9] [10] [11] , we do not need to assume a value for chemical potential difference though our derived expression is essentially the same as r · ∆µ. iii) In contrast to that of Wang and Oster [11] , our treatment allows either thermodynamic efficiency or Stokes efficiency with respect to the same input power and it is easy to prove that η Stokes 1 without imposing any special conditions on the transition rates or potentials. iv) Given the new formula of EPR in non-stationary systems [16] , we expect to extend our approach to be applicable to time-inhomogeneous motors, such as BMs subjected to asymmetric potentials and time-periodic forces, and also to computational neuroscience [17] .
Entropy production rate and free energy dissipation. -In statistical physics, entropy, entropy production rate (EPR) and heat dissipation rate (HDR) are important thermodynamic quantities. According to the well-established formula, the entropy of a system (1) at time t can be expressed as
Generally, for an isothermal Brownian dynamical system, the relationship between EPR, HDR and entropy can be stated in the following entropy balance equation [13, 14] T
where e r is the EPR, and h d is the HDR of the system. In the steady state, the EPR of the system is balanced by the HDR. The physical meaning of EPR and HDR are well established [13] but their mathematical formulae depend on the physical systems under analysis. To prepare for our discussion of the EPR of system (1), we first use existing expressions of EPR and HDR in two simple systems to show the relationship between EPR and free-energy dissipation. i) Kinetic systems described by the following master equation:
with p i (t) the probability and q ij the transition rate. According to the balance condition of entropy, the EPR and the HDR in the steady state can be expressed as [14, 18] 
respectively. In the steady state, after the system transits from state i to state j, the corresponding free energy change ∆µ ij is proportional to ln πiqij πj qji , here we define it as: ∆µ ij
Since the probability current caused by the transition i → j in unit time is J ij = π i q ij − π j q ji , the free energy dissipation in unit time caused by the state transition of i → j is
Thus, the rate of total free-energy dissipation of the system is
Hence the EPR in kinetic systems is actually the rate of free energy dissipation, i.e.
e r =Π free .
ii) Diffusion processes on a circle with an equation written as
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Efficiency of Brownian motors in terms of entropy production rate where D 2 =2k B T ,a n dV (x) is a periodic function satisfying V (x + L)=V (x), ∀x ∈ S 1 , L>0. The entropy of the system at time t is
Let π(x)andJ(x) be the stationary probability density and stationary probability flux, respectively. The HDR of the system in the steady state is [13, 15] 
According to the entropy balance equation (7), the EPR of the system in the steady state can be expressed as [13, 15] 
For such diffusion systems, the rate of free energy dissi-
In the case F · ẋ =0, e r =Π free , which means that the free energy is totally dissipated. In the case F · ẋ < 0 (F is an external load), the consumption of total free energy in unit time is in two parts: the energy used to do useful work to drag the load: W = − L 0 F · J(x)dx,and the energy that is dissipated in the form of entropy production: e r .I fF · ẋ > 0, the environment does work on the system, according to energy conservation law, the rate of total dissipated energy is e r = L 0 F · J(x)dx +Π free . Hence in all three cases, we have Π free = e r + W.
Entropy production rate and Brownian motor efficiency. -Based on the above preliminary results, we now investigate the EPR in BM described by eq. (1). The corresponding entropy of the system at time t is given by eq. (6) . Give a derivative of S(t) with respect to the time t,w eh a v e
In the steady state, we have
where π i (x) is the steady distribution of the system at state i in position x.
Corresponding to every state i, the first term of eq. (18) can be written as
Recalling the forms of HDR and EPR in the diffusion process (12), the first term in eq. (19) reflects the HDR; while the second term, denoted as Π i , expresses the EPR due to the diffusion on a circle, i.e. F · J i (x)dx is due to the work done of the system in the presence of an external force; the second term
dx is the dissipation of the potential energy during transport along a filament; and the third term
dx is the increment of entropy due to the change of the probability with the shift of the position.
The integral function in the second term of eq. (18) in a steady state can be expressed as follows:
Recalling the forms of HDR and EPR in kinetic systems (8) , the first term in the above equation describes the heat dissipation of a motor at position x after undergoing a chemical state transition; while the second term corresponds to the EPR of the motor due to state transitions in position x.D e n o t e
Hence in the steady state, the EPR of the chemically driven BM (1) is contributed by i Π i and i =j Π ij . Applying (20) and (21), the total EPR of the system is
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and the total HDR is
During transport, the work done in a unit time by the motor against a load is
The rest of the energy is dissipated in the form of entropy production. Hence the total input (free energy) power comprises two terms:
Noticing that in the steady state,
, then adding formulae (22) and (24) together, we have
(26) From eq. (26) one can see that the total input energy is from two sources: one is from the chemical energy released during the state transitions of the enzyme (i.e. the ATPase), the other is from the coupling of the potential and the state transition of the motor (though the potential does no work in the spatially average sense).
The thermodynamic efficiency of a Brownian motor can thus be expressed as
As the entropy production rate e r is nonnegative, then for a Brownian motor dragging a load (W>0), we have 0 η<1. Furthermore, we can unify the definition of Stokes efficiency under the same input power:
Without imposing any specific condition on the transition rates and potentials, it is easy to prove that this efficiency measure is bounded by 1. Actually, applying CauchySchwarz inequality and noticing the expression of EPR in eq. (22), we have
e r then η Stokes 1.
Remark: Equation (25) is a general formula, it is valid for all physical systems. Previous work usually regarded the energy source of motor protein from chemical potential difference ∆µ of fuel and products. To check whether formula (25) is consistent with this treatment. Let us further consider the biological setup of ATP hydrolysis by the catalytic motor protein
with transition rate satisfying the chemical kinetics [8] q 12 q 21 = e (V1−V2+∆µ) .
In this setup, the average rate of ATP consumption
Calculating the energy dissipation rates according to the method proposed in sect. D in [8] and the EPR according to formula (22), it is not difficult to prove that the total input power in formula (25) is just the amount of chemical energy consumed per unit time, i.e., e r + W = r∆µ.T h i s is consistent with the energy formula (35) in [8] .
Numerical results. -To illustrate the applications of our theoretical developments above, let us consider some numerical issues. System 2 below has been investigated in details in [8] , we include it here for the purpose to compare our approach and theirs. System 1 below is even more simple, it is included to provide a possible answer to some key questions such as how we can design a BM so that its efficiency is optimal. i) Variation of efficiency with external load. System 1: a two-state motor with one periodic and one flat potential ( fig. 1 A1) . Here, we fix q 12 =3, q 21 =1,U =2, a =0.1, L =1, γ = 1. Without any load (F = 0), the motor moves to the right. Figures 1 B1 and C1 plot, respectively, the thermodynamic efficiency η therm and Stokes efficiency against external load (F<0). Both η therm and η Stokes initially increase with greater load, reaching a maximum, and then decrease with further increase of the load.
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Efficiency of Brownian motors in terms of entropy production rate System 2: a two-state motor with two potentials of period L = 1 and of equal amplitude U (seefig.1A2).Similar to system A in ref. [8] , we suppose that V 2 (x)=V 1 (x − δ)+U 0 ,h e r eδ =0.5, U 0 =2.3. The transition rate of the system obeys q 12 = α(x)e (V1−V2+∆µ)/D + β(x)e (V1−V2)/D , q 21 = α(x)+β(x), where α(x),β(x) are the same as in [8] .
Employing the EPR formula to calculate the input power, one can see that the curves of η therm vs. F for different noise intensities depicted in fig. 1B2 are similar to those in [8] . Turning to the Stokes efficiency, we see in fig. 1C2 that with the increase of external load, η Stokes vs. F does not always exhibit a bell-shaped curve.
ii) Variation of efficiency with the height of the potential. To illustrate how the potential height affects the efficiency of the motor, we consider system 1. From fig. 2 , one can see that with the increase of potential height, η Stokes increases and tends to saturate. This numerical phenomenon may enable us to answer some key questions such as how we can design a BM so that its efficiency is optimal. Intuitively, increasing the height of the potential enhances the asymmetry of the system, which boosts the efficiency of the motor. However, the saturation of η Stokes further tells us that increasing the potential height does not always improve its efficiency. The optimal height of the potential should be designed at a finite value of U .Figure2 gives us some information on how to find this optimal height of the potential.
Conclusion. -Based on the theory of nonequilibrium steady state, we have elucidated the total input power as composed of the useful work done to the environment in unit time and the EPR (wasted energy), and given an explicit mathematical expression (see (26)) of the input power in diffusion-reaction systems (1) . A more general and physically transparent formula of the efficiency of BMs is then derived in terms of EPR.
As has been extensively demonstrated in the literature that EPR is an important quantity in the theory of nonequilibrium steady state [15] . Our Discussion of efficiency of Brownian motor based on EPR gives another good example of how to apply nonequilibrium theory to explore the nonequilibrium phenomena. Working through examples showing how thermal and Stokes efficiency vary with external load and with the height of the potential, we conclude that our method is useful to investigate biological molecular motors and to design efficient artificial motors.
Moreover, thanks to the recent progress of extending the concept of EPR in time-dependent (non-stationary) system [16] , we expect that our approach developed here would be extended to time-inhomogeneous BM.
